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ABSTRACT

The Antarctic Circumpolar Current plays a central role in the ventilation

of heat and carbon in the global ocean. In particular, the isopycnal slopes

determine where each water mass outcrops and thus how the ocean interacts

with the atmosphere. The Antarctic Circumpolar Current is often thought

to be eddy saturated, meaning that, as the wind forcing changes, the region-

integrated isopycnal slopes do not change much; but the limitations to eddy

saturation still need to be understood. This study analyzes an idealized two-

layer quasi-geostrophic channel model forced by a wind stress and a residual

overturning generated by a mass flux across the interface between the two

layers, with and without a blocking ridge. The sign and strength of the residual

overturning set which way the isopycnal slopes change with the wind forcing,

leading to an increase in slope with an increase in wind forcing for a positive

overturning and a decrease in slope for a negative overturning, following the

usual conventions; this behavior is caused by the dominant standing meander

weakening as the wind stress weakens causing the isopycnal slopes to become

more sensitive to changes in the wind stress and converge with the slopes

of a flat-bottomed simulation. Eddy saturation only appears once the wind

forcing passes a critical level. These results show that theories for saturation

must have both topography and residual overturning in order to be complete

and provide a framework for understanding how the isopycnal slopes in the

Southern Ocean may change in response to future changes in wind forcing.
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1. Introduction31

Southern Ocean dynamics play a central role in the global ventilation of carbon and heat uptake32

and therefore in setting the global climate. The Southern Ocean has two counter-rotating residual33

overturning cells of about ∼10 Sv each (Lumpkin and Speer 2007) forced by surface buoyancy34

fluxes that transfer tracers from the deep to the surface along isopycnals. In particular, the isopy-35

cnal slopes, or equivalently the thermal wind transport, are important for setting the outcropping36

location of the water masses (with different tracer concentrations) in the Southern Ocean The37

isopycnal slopes are also key for determining the depth of the global pycnocline (Gnanadesikan38

1999; Nikurashin and Vallis 2011). The Southern Ocean, forced by a strong wind, possesses a39

strong circumpolar current that is influenced by topography, notably from blocking ridges such40

as the Scotia Ridge and the Kerguelen Plateau. An analysis of wind data from NCEP and ERA-41

Interim shows that the maximum zonally averaged wind stress over 1979-2016 is 0.14 N m−2 with42

a strengthening trend (Lin et al. 2018; Thompson and Solomon 2002; Marshall 2003; Farneti et al.43

2015). It is an open question how the Southern Ocean circulation varies with changing wind, and44

in particular how sensitive the isopycnal slopes are to changing winds with a residual overturning.45

In the Southern Ocean, isopycnal slopes are thought to arise from a balance of wind acting46

to steepen isopycnals and baroclinic eddies acting to flatten them (Johnson and Bryden 1989;47

Marshall and Radko 2003). Theory suggests a connection between the isopycnal slopes and the48

baroclinic eddies, such that, as the wind forcing increases, the eddy fluxes will in kind increase due49

to increased eddy activity from baroclinic eddies that might be associated with a larger available50

potential energy reservoir (Danabasoglu et al. 1994; Marshall 1997). This idea has been borne51

out qualitatively in some observations on short time scales (e.g. Meredith and Hogg 2006; Hogg52

et al. 2015), in equilibrium in idealized models (e.g. Munday et al. 2013), and on short time scales53
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in a global model (Bishop et al. 2016). This increase in eddy fluxes has led to the hypothesis of54

“eddy saturation”: the isopycnal slopes in the Southern Ocean do not change with increasing wind55

forcing because eddies become strong enough to counter any increase in wind stress (e.g. Straub56

1993; Hallberg and Gnanadesikan 2001) (Fig. 1). Several modeling studies have been found to57

be consistent with eddy saturation (e.g. Hallberg and Gnanadesikan 2001; Munday et al. 2013;58

Bishop et al. 2016), but more work is still needed to fully understand under what conditions eddy59

saturation is realized.60

There are several recent hypotheses to explain eddy saturation. One hypothesis suggests that the61

Southern Ocean is in an equilibrated state where there is an energy balance between eddy energy62

generation (which depends on isopycnal slopes and eddy energy through an Eady growth rate-like63

relationship) and the energy decay (which depends on the eddy energy), leading a change in wind64

stress to increase both the energy generation and decay in equal amounts when certain key param-65

eters, such as drag coefficients, are fixed. The result is a constant transport (Marshall et al. 2017;66

Mak et al. 2017). Several other theories involve topography. Topography is likely a key aspect of67

eddy saturation because eddy fluxes tend to peak downstream of major topographic features (e.g.68

Thompson and Naveira Garabato 2014; Youngs et al. 2017; Barthel et al. 2017). One hypothesis69

is that the topography increases the eddy efficiency, so as the wind stress changes the eddy activ-70

ity changes without the slope needing to change very much to balance the winds (Abernathey and71

Cessi 2014; MacCready and Rhines 2001). Another theory focuses on the development of gyre cir-72

culations downstream of topography; for stronger winds, the barotropic gyres spin up, leaving the73

thermal wind transport unchanged (Nadeau and Ferrari 2015). Relatedly, Thompson and Naveira74

Garabato (2014) suggest that it is the flexing of standing meanders downstream of topography that75

accounts for saturation. Constantinou and Young (2017) and Constantinou (2018) suggest that76

baroclinic eddies are not even necessary for saturation, invoking a barotropic-topographic insta-77
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bility, albeit in an extreme parameter regime. All of these theories make progress, but do not take78

into account there is a residual overturning.79

Few studies have connected the Southern Ocean isopycnal slopes and the idea of eddy satura-80

tion with the residual overturning present in the system. There have been a couple of papers that81

examine a Southern Ocean-like system with wind forcing, topography, and a residual overturning82

in idealized frameworks, highlighting the importance of buoyancy forcing on the isopycnal slopes83

(e.g. Gnanadesikan and Hallberg 2000; Hallberg and Gnanadesikan 2001; Hogg 2010; Morrison84

et al. 2011; Shakespeare and Hogg 2012; Howard et al. 2015). Hallberg and Gnanadesikan (2001)85

use a two-layer primitive equation system with a positive residual overturning forced by an in-86

terface relaxation, wind stress, and bottom topography to develop a scaling for the thermal wind87

transport when the system is dominated by the diabatic forcing, but do not examine the full param-88

eter space, including a lower cell with a negative overturning. Hogg (2010) builds upon Hallberg89

and Gnanadesikan (2001) to examine a Southern Ocean-like system with a primitive equation90

model with both buoyancy and wind forcing and find that the system is wind-saturated. Howard91

et al. (2015) examine how the spin-up process of a channel differs with wind and buoyancy forc-92

ing. Many of these studies have examined only a limited wind- and buoyancy-forcing parameter93

space, so the validity of eddy saturation over a wide parameter space and the role of buoyancy94

forcing in modifying how the system responds to winds have not been fully explored.95

Here we consider a broad range of forcings to try to gain a more complete picture of the physics96

of eddy saturation, building upon the work of Hogg (2010) and Howard et al. (2015) to test the97

theory of saturation with a larger forcing parameter space. We will address how the presence of a98

residual overturning modifies the response of isopycnal slopes to changing wind forcing.99

We use a two-layer quasi-geostrophic re-entrant channel model with a flat bottom or with a ridge100

that blocks f/h contours (Fig. 2). The use of simplified models has a long history in being utilized101
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to enhance our understanding of the Southern Ocean (e.g. McWilliams et al. 1978; Hallberg and102

Gnanadesikan 2001). This particular configuration is a simplified step on the way to understanding103

the full complexity of the Southern Ocean. At moderate wind stresses, the isopycnal slopes either104

steepen or flatten with an increasing wind stress, depending on the sign of the residual overturning,105

until the isopycnal slopes all approach a common value at strong wind stresses. The presence of106

the residual overturning increases the sensitivity of the isopycnal slopes to changes in wind forcing107

in the examined range of wind stresses. In section 2, we describe the model configuration and the108

budgets used for analysis. The results are described in section 3, and we provide discussions and109

conclusions in section 4.110

2. A 2-Layer Quasi-Geostrophic Analogue of the Southern Ocean111

a. Model Configuration112

The two-layer quasi-geostrophic (QG) channel model we use as our analogue to the Southern113

Ocean (Fig. 2) is that described in Flierl and Pedlosky (2007): it solves for the mean zonal flow,114

the residual meridional overturning (combining the ageostrophic mean and the eddy contribution115

as defined below), and the eddy fields. These elements appear in many previous papers (e.g.116

Shepherd 1983), however, we present a derivation from the full shallow water, two-layer system117

in the Appendix, showing that the appropriate definition of the residual vector velocity results in118

very similar equations.119

(i) Model Parameters Our channel has free-slip walls at y =±L/2 with L = 2000 km and peri-120

odic conditions at x = 0 and x = 4000 km (Table 1). The upper layer has thickness h1 = H1 + h121

with the mean value H1 = 2/3 km; the lower layer has h2 =H2−h−hb(x) and H2 = 3 1/3 km. We122

picked the relative layer thicknesses based on the stratification as observed in the Southern Ocean123
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(Karsten and Marshall 2002). The reduced gravity (g′) is chosen such that the deformation radius124

is 15 km, based on an estimation of the value for much of the Southern Ocean (Chelton et al. 1998)125

and a reference density ρ0 = 1000 kg m−3, used later for scaling. The grid size is around 15 km,126

and, even though it is around the same size as the deformation radius rd , we expect the dynamics127

will be adequately resolved since the wavelength of the fastest growing baroclinic instability wave128

is order 10rd and the nonlinear motions tend to be several times larger than rd (Pedlosky 1987).129

Additionally, we have run several key simulations at twice the resolution which lead to the exact130

same conclusions concerning the response of the thermal wind transport to the winds and less than131

a 10% difference in the thermal wind transport. Non-conservative terms are wind stress, τ , a linear132

bottom drag with coefficient µ , and buoyancy forcing, H , that represents warming which trans-133

forms lower layer water to upper layer water or cooling which does the opposite. We also include134

a small down-gradient potential vorticity flux with diffusivity κ to remove small-scale enstrophy.135

See Table 1 for parameter values.136

(ii) Topography The elevation of the topographic ridge, hb(x), varies only zonally. We have137

performed simulations with two different topographies, a flat bottom hb = 0 m and a simple cross138

channel Gaussian ridge centered at x = x0:139

hb(x) = h0e−(x−x0)
2/σ2

,

where h0 = 1000 m, σ = 200 km, x0 = 800 km. The total depth away from the topography is 4000140

m, and the ridge is 30% of the lower layer thickness. We also ran simulations with h0 = 2000 m141

for verification and find that the thermal wind transport saturates to the same value but reaches the142

saturation at a smaller wind stress. However, we focus on h0 = 1000 m because the smaller ridge143

is more consistent with the quasi-geostrophic assumptions.144
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(iii) Residual Formulation To recast the mass equation in our residual flow formulation, we split145

the mass transport within a layer into a rotational and divergent part (Kushner and Held 2002):146

u∗i = ui
hi

Hi
− ẑ×∇ψi ⇒ ∇ · (uihi) = Hi∇ ·u∗i ,

where ψi is the rotational component of the horizontal velocities u, ∇ represents a horizontal147

gradient and ()∗ represents the residual component. The zonally averaged mass equation becomes148

linear:149

∂

∂ t
〈h1〉+

∂

∂y
〈h1v1〉=

∂

∂ t
〈h1〉+H1

∂

∂y
〈v∗1〉= 〈H 〉 or

∂

∂ t
〈h1〉+ 〈w∗〉= 〈H 〉, (1)

where the angle brackets denote a zonal average. The residual vertical velocity, w∗ = wa+u1 ·∇h1150

relates the cross-interface flow to the two components of the up- or down-slope velocity, with wa
151

being the actual vertical velocity including that associated with along-slope motions (with the152

superscript emphasizing that the velocity is ageostrophic). Equation 1 shows not only the link153

between the residual overturning H1〈v∗〉 = 〈h1v1〉 and the buoyancy forcing but also the way in154

which the residual flow encompasses both the ageostrophic and eddy fluxes, with the two on155

average cancelling when H = 0 and, in general, partially offsetting each other. Note that the156

displacement of the top surface can be neglected in the mass equation so that ∂h2/∂ t =−∂h1/∂ t;157

this implies that H1〈v∗1〉+H2〈v∗2〉= 0, and we only need to find the residual circulation in the upper158

layer.159

(iv) Equations of Motion As detailed in the Appendix, using the definitions above for u∗i and160

w∗, supplemented with p∗i = pi− f0ψi + |ui|2/2, and then making the usual small Rossby number161

expansion leads to the quasi-geostrophic equations in the two layers (Pedlosky 1987):162

∂

∂ t
qi +ui ·∇qi =± f0

H

Hi
−δi1

τy

ρ0H1
+κ∇

2qi−δi2µ∇
2
ψi. (2)
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The potential vorticity is qi = f0 +βy+ δi2 f0hb/H2 +∇2ψi∓Fi(ψ1−ψ2), and Fi = f 2
0 /g′Hi are163

the stratification parameters, which are related to the deformation radius rd by F1 +F2 = 1/r2
d .164

We have included a small diffusivity κ which is generally negligible unless there are no eddies to165

transport energy vertically downwards where it can be dissipated by bottom drag.166

It is useful both computationally and for diagnostics to split out the zonal mean flow and advance167

〈ui〉 with the zonally-averaged momentum equation168

∂

∂ t
〈ui〉− f0〈v∗i 〉−〈v′iq′i〉= δi1

τ

ρ0H1
−δi2µ〈u2〉, (3)

where primes represent a deviation from the zonal average. We can use the thermal wind equation,169

f0(〈u1〉−〈u2〉) = g′∂h1/∂y, (4)

to find a diagnostic equation for 〈v∗1〉170 [
∂ 2

∂y2 −F1−F2

]
〈v∗1〉=

f0

g′H1

[
〈v′1q′1〉−〈v′2q′2〉+

τ

ρ0H1
+µ〈u2〉

]
+

1
H1

∂

∂y
〈H 〉. (5)

The zonally varying QG equations171

∂

∂ t
q′i + 〈ui〉

∂

∂x
q′i +∇ ·

(
u′iq′i

)
− ∂

∂y
〈v′iq′i〉= κ∇

2qi−δi2µ∇
2
ψi (6)

together with Equations 3 and 5 comprise our model equations.172

(v) Model Forcing The buoyancy forcing — cross-isopycnal mass transfer — is taken to be173

H =−H0 sin(πy/L). To put H0 in perspective, consider the upper layer mass equation174

∂

∂ t
h1 +∇ · (u1h1) = H ,

which takes the form175

∂

∂ t
〈h1〉+

∂

∂y
〈v1h1〉= H
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after a zonal mean (indicated by angle brackets). Thus, the time-mean northward mass transport176

— the meridional overturning — is just177

〈v1h1〉 ≡ 〈va
1〉〈h1〉+ 〈v′1h′1〉= 〈H 〉= H1〈v∗1〉,

with va the ageostrophic velocity (since the geostrophic northward velocity has zero zonal aver-178

age). We choose H to drive a northward transport — the residual overturning — of 2 or 4 Sv179

because our channel is about 1/4 the length of the Antarctic Circumpolar Current. Our cases would180

represent 8 and 16 Sv of overturning with a channel the length of the Antarctic Circumpolar Cur-181

rent (ACC) compared to the estimate 10 Sv in the Southern Ocean.1 When we discuss positive182

overturning we mean that H0 > 0 and time-averaged 〈h1v1〉 > 0, so that there is sinking in the183

north and upwelling in the south; negative overturning has the opposite sense with upwelling in184

the north and sinking in the south.185

We want to explore a range of wind and buoyancy forcings but identify those we consider to186

be “realistic” to assess the sensitivity of the isopycnal slopes to changes in forcing within a range187

that might conceivably apply to Southern Ocean. Given the idealizations of the model, we cannot188

expect precise matching. We assume wind stresses of the form τ = τ0 cos(πy/L) and vary τ0189

between 0 and 0.8 N m−2. Observations (Lin et al. 2018; Farneti et al. 2015) suggest τ0 is about190

0.14 N m−2, so we will consider τ0 > 0.2 N m−2 to be ”strong” and less than 0.1 N m−2 ”weak”.191

To put these in a similar context to the buoyancy forcing, we look at the mean zonal momentum192

equations (Equation 3). If we multiply the upper layer equation by H1/ f0, we can then compare193

the residual overturning transport to the eddy transport and wind-driven overturning. The scaled194

wind-stress term is just the Ekman transport τ/ρ0 f0; τ0 = 0.1 N m−2 would generate a 4 Sv195

transport, smaller values than this indicate weak wind transports. Ekman transports larger than196

1Since the ACC traverses multiple topographic features, modeling a segment of it rather than a single ridge in a longer channel seems appropri-

ate.
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8 Sv would indicate large wind transports. Of course, in the absence of buoyancy forcing, this197

transport would be on average balanced by an opposite eddy mass flux. We note that wind stress198

curl is an important part of subduction and therefore meridional overturning in a fully stratified199

ocean (Marshall and Speer 2012); in our quasi-geostrophic setup, the “subduction” is fixed even200

though the wind stress curl is proportional to τ0.201

(vi) Thermal Wind Transport We wish to diagnose the mean isopycnal slopes, so we utilize the202

relationship between the isopycnal slopes and the transport through the thermal wind relationship203

created by combining Equations 1 and 3. We calculate the thermal wind transport204

Tw = H1

∫ (
〈u1〉−〈u2〉

)
dy (7)

i.e., the two-layer analogue of the transport calculated geostrophically, assuming a level of mo-205

tion at the bottom, to highlight the connection between the transport and the isopycnal slopes.206

“Baroclinic transport” is often used for this quantity, but we prefer not to use this term since it is207

confusing when thinking in terms of vertical modes.208

(vii) Important Limits All the simulations we discuss have an active eddy field; the simulations209

with a ridge also exhibit a large standing eddy or gyre downstream of the ridge, coincident with210

the most strongly eddying flow (Fig. 3). For a flat-bottomed situation, the lower layer potential211

vorticity gradient changes sign when the thermal wind transport reaches 18 Sv, rendering the sys-212

tem susceptible to baroclinic instability. For the linear problem, we can calculate the forcing that213

first generates eddies. If there is just a residual overturning, that value is about H0 =−0.03 Sv. If214

there is only a wind stress, a forcing of about τ0 = 10−3N m−2 is sufficient to reverse the potential215

vorticity gradients. These particular values depend on potential vorticity diffusivity, κ . For almost216

the entire range of wind stresses and residual overturnings that we test, the system is vigorously217

eddying. We do not consider positive residual overturning and wind forcing combinations that218
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have westward transport: the gradient of the Coriolis parameter β imposes an asymmetry between219

eastward and westward flow and hence a westward flow behaves very differently and puts itself220

outside the parameter space that is relevant to the Southern Ocean.221

b. Connection between overturning and slope222

The common conceptual ideas of saturation usually involve steepening of the thermocline slope223

by increased wind being offset by baroclinic instability fluxing heat and acting to flatten the ther-224

mocline slope, making the thermal wind transport relatively insensitive to the strength of the wind225

forcing. However, it turns out that topography plays a crucial role in saturation, for example, by226

modifying the baroclinic activity (Abernathey and Cessi 2014). Given the significant changes in227

the flow structure associated with topography or heat flux, it seems important to examine how the228

transport varies with an interface heat flux as well. The addition of a heat flux across the interface229

certainly modifies the isopycnal slope.230

We will examine how in the following thought experiment. Consider the following: start with a231

system with no buoyancy forcing in equilibrium and consider the time-averaged circulations. The232

residual velocity is zero (Equation 1) and the upper layer momentum equation (Equation 3) implies233

that the wind stress is balanced by southward eddy potential vorticity fluxes. With eastward upper-234

layer flow 〈u1〉, we expect from the thermal wind equation that the interface will be shallow at the235

south and deep at the north i.e. g′∂ 〈h〉/∂y∼− f0〈u1〉> 0. When we add a buoyancy flux H0 < 0236

such that there is cooling in the south and warming in the north, the interface will begin to tilt237

further. This is partially impeded by a southward residual flux (∂ 〈v∗1〉/∂y, which is negative in the238

south and positive in the north). Equation 3 then shows that the eddy potential vorticity flux must239

become more negative to halt the steepening of the interface. This is consistent with enhanced240

baroclinic instability. But we are left with a net increase in the interface slope and the thermal-241
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wind transport when the overturning is negative. Likewise, with a positive residual overturning242

(H0 > 0), the interface slope will decrease compared to when there is no overturning (Fig. 4).243

c. Budgets244

Splitting out the zonal average provides as a useful framework for physical interpretation. The245

time-average (indicated by an overbar) of the upper layer momentum equation (3), taking advan-246

tage of τ depending only on y results in247

〈v′1q′1〉+ f0〈v∗1〉+
τ

ρ0H1
= 0,

and expresses the trade-off between wind stress, residual overturning, and eddy fluxes in increasing248

(if positive) or decreasing (if negative) the upper layer zonal flow. Residual overturning from the249

time-mean mass equation (Equation 1)250

H1
∂

∂y
〈v∗1〉= H

can be integrated in y and yields our momentum balance diagnostic:251

〈v′1q′1〉+
f0

H1

∫ y

0
H (y′)dy′+

τ

ρ0H1
= 0 (8)

or, for the specific forms of τ and H used,252

〈v′1q′1〉=−
f0

H1

[
L
π

H0 +
τ0

ρ0 f0

]
cos(πy/L). (9)

For τ0 > 0 and f0 < 0, the eddy potential vorticity flux must be stronger (weaker) for negative253

(positive) overturning.254

The upper-layer potential vorticity flux has a relative vorticity contribution 〈v′1∇2ψ ′1〉 and a thick-255

ness flux − f0/H1〈v′1h′〉. If we neglect the former, since it has no contribution in the domain256

integral and is generally small in our experiments, then the eddy thickness (or heat) flux is257

〈v′1h′〉=
[
H0 +

τ0

ρ0 f0

]
cos(πy/L). (10)
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Since the derivation of Equation (10) uses also the thickness and heat equations, we could instead258

think about this equation as a heat or thickness budget (Plumb and Ferrari 2005). In this heat259

budget, the wind stress term represents the mean advection of heat by the ageostrophic flow, and260

the eddy terms are the eddy advection of heat, and the interface forcing is the input of heat. Simi-261

larly, this balance could also be thought of as the different components of the residual overturning,262

where the total residual overturning given by the interface forcing is just the balance between the263

wind-driven overturning and eddy-driven overturning.264

Summing the upper and lower layer momentum equations, weighted by the layer thicknesses265

equations gives the traditional momentum balance:266

τ

ρ0
= f0〈hbψ

′
2x〉+µH2〈u2〉, (11)

where x indicates a derivative with respect to x. For the simulations with a ridge, the form drag267

( f0〈hbψ
′
2x〉), from the difference in geostrophic pressure on either side of the topography, bal-268

ances the momentum input, whereas for the flat bottom case, the momentum input by the wind is269

removed by bottom drag (Munk and Palmén 1951).270

3. Results271

We investigate two main questions: Where in the parameter space is the flow saturated, and272

what role does the residual overturning play in setting the thermal wind transport? The simulations273

performed have several different residual overturnings over a range of wind stresses (Fig. 2). We274

analyze the resulting thermal wind transport, heat fluxes, and form drag in order to understand275

how and why the isopycnal slopes vary over the wide range of forcings examined.276
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a. Strong wind forcing277

There is a history of studies that find saturation in a channel with a blocking ridge and no278

saturation with a flat-bottom (e.g. Munday et al. 2015; Nadeau and Ferrari 2015). Indeed, we279

see in Figure 4 that the thermal wind transport still changes with wind stress in the flat-bottomed280

simulations across the imposed wind stresses. By comparison, we see eddy saturation in the281

simulations with a ridge, but only at strong wind forcing, τ0 > 0.2 N m−2. On the other hand, the282

vertically-integrated transport is essentially constant for wind stress τ0 < 0.2 N m−2, but increases283

linearly with the wind stress when τ0 > 0.2 N m−2 (not shown).284

Since we see that the flow is saturated at strong wind forcing, we question what allows eddy285

saturation. We calculate the eddy heat fluxes from Equation 10 and normalize them by dividing by286

the total heat transport. We see that the normalized heat fluxes are concentrated into the meander287

regions when the wind forcing is strong and that in the downstream region the heat fluxes are288

irrelevant (Fig. 5). This result has also been seen in MacCready and Rhines (2001) and Abernathey289

and Cessi (2014). The meander strengthens the temperature gradients locally, leading to larger290

heat fluxes across mean streamlines. However, the gradients tend to be zonal (and opposite signed291

on either side of the ridge) instead of meridional, leading to very little change in the zonally-292

averaged isopycnal slopes. Overall, the total heat fluxes are increasing linearly with the wind, but293

are localized near the ridge, indicating that it is primarily the meander that is contributing to all of294

the changes in eddy fluxes. Thus, understanding the meander system is incredibly important for295

understanding the saturation process.296

b. Realistic Winds297

Outside of the strong wind forcing limit, i.e., for τ0 < 0.2 N m−2, the thermal wind transport is298

more sensitive to changes in wind forcing (Fig. 4). In the Southern Ocean, a realistic mean wind299
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stress range is about 0.1 to 0.2 N m−2 (Lin et al. 2018). In this range, thermal wind transport either300

increases or decreases with the wind stress, depending on the sign of the overturning, so we see301

that saturation breaks down in our idealized model at ‘realistic’ wind stresses.302

So what is happening as the wind forcing gets weaker? The dominant momentum balance is303

given by Equation 11, or, to lowest order,304

τ

ρ0
= f0〈hbψ

′
2x〉,

while τ0 > 0.0125 N m−2. As the wind forcing weakens, the form stress also weakens, which can305

happen either by reducing the magnitude of ψ
′
2x, the lower layer time averaged stream function,306

or by reducing its correlation with hb. In these simulations both of these mechanisms occur. At307

zero wind, the form stress hbψ
′
2x is not zero everywhere, but it is symmetric about the ridge (Fig.308

6). Because of the symmetry, the form stress on one side of the ridge cancels out the form stress309

on the other side of the ridge, leading to no net form stress.310

In order to relate the changes in form stress to the isopycnal slopes we must consider the con-311

nection between the form stress and the total eddy heat fluxes. The total eddy heat fluxes are given312

by F1〈ψ ′1ψ ′2x〉 which we can split up to be F1〈ψ ′1ψ ′2x〉 = F1〈ψ1
′
ψ2x
′〉+ transients, where the first313

term on the right hand side, the standing eddy contribution, dominates over the transient term. So,314

if the magnitude of ψ
′
2x decreases then the eddy heat fluxes in the meander will decrease. The cor-315

relation between these two terms could also decrease. In general, we see that ψ
′
1 stays relatively316

symmetric about the ridge because the upper layer only sees the ridge through the lower layer317

(Fig. 3). As ψ
′
2 becomes more symmetric about the ridge, the correlation between ψ

′
1 and ψ

′
2x318

will become smaller in the mean because the stream functions become more similar, leading to a319

cancellation of heat fluxes on either side of the ridge (Fig. 5(b)). As the wind forcing decreases,320
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the meander becomes smaller and more symmetric about the ridge and the ratio of the contribution321

to the fluxes from the meander and the rest of the domain decreases.322

The result of the standing meander playing a smaller role in the heat fluxes is an increased323

sensitivity to wind forcing, but why do the thermal wind transports fan out as we observe (Fig.324

4)? With strong wind stress, the cumulative eddy fluxes are concentrated in the meander, but as325

the wind forcing weakens the fluxes become important throughout the domain until the heat fluxes326

match the values for a flat-bottomed configuration (Fig. 5(b)). In this new regime, where the327

fluxes depend on the mean flow structure over the whole domain, the dynamics approach those328

of the flat-bottomed simulations where the eddy fluxes are uniform in x; thus the thermal wind329

transport limits to the flat-bottomed transport as the winds weaken.330

c. No-wind Limit331

Since the ridge simulations approach the flat-bottomed ones as the wind forcing weakens, it is332

important to understand the flat-bottomed simulations with no wind forcing. Intuitively, we would333

expect that the isopycnal slope change would be in proportion to the magnitude of the changes in334

the heat flux. We illustrate this using a linear approximation to our system, with no wind forcing335

and no eddies. The buoyancy forcing contribution to the upper layer zonal mean potential vorticity336

equation can only be balanced by the κ term, the potential vorticity diffusivity, in the steady state337

i.e.,338

0 =− f0H

H1
+κ∇

2〈q1〉. (12)

Assuming that the potential vorticity is dominated by the stretching term, or 〈qi〉 ≈ ∓Fi(〈ψ1〉−339

〈ψ2〉), which is a good assumption considering the size of the domain, yields the upper-layer340

balance:341

f0κ

g′
∇

2(〈ψ1〉−〈ψ2〉) = H0 sin(πy/L). (13)
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We define ψBC = 〈ψ1〉− 〈ψ2〉 and assume a solution of the form ψBC = ψ̂BC sin(πy/L). We plug342

this into Equation 13 and find that ψ̂BC = g′H0L2/( f0κπ2), which tells us that the thermal wind343

transport, 〈u1〉 − 〈u2〉, scales with H0, the magnitude of the heat fluxes. We compare this to344

the fully-nonlinear channel model with and without topography in Fig. 7. With no wind stress345

and only heat flux, we see that the thermal wind transport follows our linear scaling until the346

overturning reaches H0 = −0.05 Sv, at which point, eddies become important and the transport347

scales approximately like H
1/5

0 (Fig. 7). It is clear however, as the forcing continues to grow,348

the thermal wind transport continues to grow with it, indicating that stronger heat fluxes do indeed349

generate steeper isopycnal slopes, a pattern that holds even with wind forcing and an eddying flow.350

Since the thermal wind transport must approach the values determined by the residual overturning351

when there is no wind forcing, the thermal wind transport can not be saturated for every wind352

forcing in order to satisfy this limit.353

d. Connecting the Limits354

Our results lead to the question of why must it be the case that the thermal wind transport355

decreases with increasing winds with topography but strengthens in the flat-bottomed case for a356

negative overturning. This pattern of decreasing thermal wind transport with an increase in wind357

is also seen, but not rationalized, in the channel models of Mak et al. (2018) and Munday and358

Zhai (2015). The thermal wind transport depends on the total eddy overturning and the wind359

forcing, but these two components vary with wind forcing differently. With stronger wind forcing,360

there is a smaller thermal wind transport because the meander grows and becomes asymmetric,361

isolating fluxes and increasing the eddy efficiency (Abernathey and Cessi 2014), leading to flatter362

isopycnal slopes (Fig. 8). There is a singularity where the wind stress is zero because the total363

eddy overturning also goes to zero. With a stronger eddy overturning, there is a larger thermal364
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wind transport because generally steeper isopycnal slopes lead to larger eddy fluxes and eddy365

overturning (Fig. 8). If we consider simulations where the residual overturning is constant, then366

when we increase the wind forcing, the eddy overturning increases as well, leading to opposing367

steepening and flattening of the isopycnals. We see that, of these two effects, the increase in eddy368

efficiency due to the meander wins over the need for more eddy activity (Fig. 8). Thus, the thermal369

wind transport decreases with an increasing wind forcing when there is a negative overturning.370

4. Discussion and Conclusions371

The thermal wind transport in the idealized Southern Ocean-like channel model employed here372

is sensitive to changes in wind at ‘realistic’ wind stresses, between 0.1 and 0.2 N m−2, albeit373

in this idealized framework it is hard to make quantitative comparisons. At wind stresses below374

τ0 = 0.4 N m−2, the transport either increases or decreases with the wind depending on the residual375

overturning because the simulations limits to those with a flat bottom as the winds weaken (Fig. 9).376

The convergence happens because for weaker wind stress the amplitude of the standing meander377

reduces and thus the system becomes more zonally symmetric as in a flat bottom channel. Our378

results and arguments show the limitations of eddy saturation as a theory even in an idealized379

configuration when there is a residual overturning.380

Our results differ from previous studies, in part because we isolate the positive and negative381

overturning cells. This is different than Hogg (2010) where both negative and positive buoyancy382

fluxes happen at once. Hogg (2010) also lacks a proper residual overturning where there is a383

meridional circulation at depth, but instead has all the meridional transport occurring in a mixed384

layer, and the wind forcing is also happening in different location as the buoyancy forcing. Hall-385

berg and Gnanadesikan (2001) also only considers a positive overturning, so they cannot see the386

different behavior with the negative overturning. It is possible that our results would be consistent387
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with these past studies if we considered similar forcing regimes and could look at each overturning388

cell individually.389

This study does not directly address why eddy saturation exists in these simplified models, but390

hopefully, by extending the work of Abernathey and Cessi (2014) and Nadeau and Ferrari (2015),391

it provides insight into the relative importance of the meander. Working to understand the meander392

spin-up process also merits further study. It is not clear why the standing meander is so much more393

efficient at flattening isopycnal slopes than the wind-driven process of increasing the slopes. Mak394

et al. (2018) encapsulates the eddy efficiency in their α parameter. In our configuration this α395

must change if the transport changes; there are no other parameters that could vary to change the396

transport, though it is unclear how or why the eddy efficiency changes.397

One other open question is what sets the value of wind stress where saturation begins. The398

saturation does not depend on the relative strength of the wind-driven overturning, but the abso-399

lute wind stress. It seems likely to depend on when the isolation of the fluxes to the ridge area400

begins. Understanding the isolation process has serious implications for predicting how the South-401

ern Ocean thermal wind transport and residual overturning will respond to changes in the wind.402

The geometry is simpler than the real Southern Ocean, but the dominant feature of a blocking403

ridge is present. The ridge is too small compared to real topographic features (Thompson and404

Naveira Garabato 2014), so the simulations have been repeated with a 2000 m tall ridge, and the405

saturated thermal wind transport value is the same. The main difference is that the saturation406

breaks down closer to τ0 = 0.3 N m−2 versus τ0 = 0.4 N m−2 for a 1000 m tall ridge, but the main407

results still hold. Another potential limit to our result is the use of two-layer quasi-geostrophic408

simulations. The simplified dynamics could lead to potential problems due to the lack of outcrops409

as seen in the real Southern Ocean, so to this end, we will be carrying out analogous investigations410

in primitive models using MITgcm simulations with the same geometry; preliminary experiments411
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are broadly consistent with the results presented in this study. Another approach to address this412

problem would be to consider a three-layer quasi-geostrophic model to extend our result with both413

a positive and a negative cell at the same time. It is unclear how these results would translate into414

primitive equation channel models, especially whether eddy saturation would still kick in only at415

unrealistically strong wind stresses.416

Our system is simple in order to fully explore the parameter space of baroclinic instability. The417

result from this study is useful for considering more complicated models and provides a framework418

to analyze changes in thermal wind transport with wind based on the magnitude of the residual419

overturning. We show that both topography and residual overturning are vital components for any420

theory of saturation. It is possible that saturation seen in various models and the real Antarctic421

Circumpolar Current with two overturning cells is actually due to the wind forcing changing the422

thermal wind transport in opposite directions in each overturning cell. If we connect these isopy-423

cnal slope patterns to outcrop positions in the real ocean, then we could also provide insight into424

the changes of the residual overturning with wind and the implications for fluxes of heat and other425

important properties such as carbon.426
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APPENDIX432

Derivation of Equations433
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We feel it is informative to systematically trace the steps in developing the equations starting434

from the two-layer shallow water system. We will incorporate the residual flow transformation435

and introduce the appropriate potential vorticity-like quantity, then examine the zonal mean mo-436

mentum and mass equations. Finally, we comment on the quasi-geostrophic approximation.437

We start with438

∂

∂ t
ui + ẑ× (ζi + f0 +βy)ui =−∇(pi +

1
2
|ui|2)+Ti

∂

∂ t
hi +∇ · (uihi) =±H

p1− p2 = g′h1,

where T represents the non-conservative forces of wind stress and friction and ζi is the relative439

vorticity. The upper and lower signs apply for the water above (i = 1) and below (i = 2) the440

thermocline. The cross-interface mass transfer, H , can be thought of as buoyancy forcing and is441

responsible for a residual mean circulation.442

The mass equations are used to define rotational and divergent transports (Kushner and Held443

2002)444

ui
hi

Hi
= ẑ×∇ψi +u∗i ,

with u∗ representing the residual flow. The relationship to H becomes obvious since the mass445

equations are now linear:446

∂

∂ t
hi +Hi∇ ·u∗i =±H .

The changes of sea surface elevation, while responsible for the upper layer horizontal pressure447

gradients, can be neglected in the mass balance; therefore h1 + h2 is constant. This implies that448

the barotropic residual flow is non-divergent449

∇ · (H1u∗1 +H2u∗2) = 0. (A1)
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Therefore, we only need the upper layer thickness equation450

∂

∂ t
h1 +H1∇ ·u∗1 = H . (A2)

Note that the definition of the residual circulation is incomplete: we have replaced two fields giving451

the mass transport by three. We are free, therefore, to specify the boundary conditions: the normal452

flow vanishes for both ψ and u∗. Note also that the residual vertical velocity w∗=±∇ ·u∗i /Hi is the453

same just above and below the interface, unlike w which includes flow along a sloping interface.454

The momentum equations will be rewritten with the absolute vorticity replaced by the (nearly)455

quasi-geostrophic potential vorticity456

qi = ∇
2
ψi +βy∓ f0

Hi
(h1−H1)+δi2

f0

Hi
hb

and pi = f0ψi + p∗i . The result,457

∂

∂ t
ui + ẑ× f0

(
1+

hi−Hi

Hi

)
ui + ẑ×qiui =−∇

(
p∗i +

1
2
|u|2
)
,

becomes458

∂

∂ t
ui + ẑ× f0u∗i + ẑ×qi ui =−∇

(
p∗i +

1
2
|u|2
)

with f0(ψ1−ψ2)+ p∗1− p∗2 = g′(h1−H1). The equation for the evolution of qi follows easily by459

taking the curl of the momentum equation and adding ∓ f0/Hi times the mass equation:460

∂

∂ t
qi +∇ · (qi ui) = ∇×Ti−

f0

Hi
H . (A3)

Finally, the zonally-averaged zonal momentum and thickness equations are:461

∂

∂ t
〈ui〉− f0〈v∗i 〉−〈viqi〉= 〈T x

i 〉, (A4)
462

∂

∂ t
〈h1〉+H1

∂

∂y
〈v∗1〉= 〈H 〉. (A5)

So far, Equations (A1-A5) are exact. We now approximate by (a) replacing 1+(hi−Hi)/Hi by 1,463

(b) dropping u∗ terms when combined with the lower-order in Rossby number rotational flow to get464
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u' ẑ×∇ψ , and (c) dropping the p∗ in the hydrostatic equation so that f0(ψ1−ψ2) = g′(h1−H1).465

We then have the quasi-geostrophic equations466

∂

∂ t
qi +ui ·∇qi = ∇×Ti−

f0

Hi
H

with467

ui = ẑ×ψi and qi = ∇
2
ψi∓Fi(ψ1−ψ2)+βy+δi2

f0

H2
hb,

where Fi is defined in section 2. These will be solved for the zonally varying part468

∂

∂ t
q′i + 〈ui〉

∂

∂x
q′i + v′i

∂

∂y
〈qi〉+

∂

∂x
(u′iq

′
i)+

∂

∂y
(v′iq

′
i−〈v′iq′i〉) = ∇×T′i, (A6)

469

q′i = ∇
2
ψ
′
i ∓Fi(ψ

′
1−ψ

′
2)+δi2

f0

H2
hb.

Consistent with quasi-geostrophy, we can use the zonal mean thermal wind equation,470

f0
(
〈u1〉−〈u2〉

)
=−g′

∂

∂y
(h1−H1),

to eliminate the time-derivative terms from (A2-A3) and derive an omega equation471 [
∂ 2

∂y2 −F1−F2

]
〈v∗1〉=

f0

g′H1

[
〈v′1q′1〉−〈v′2q′2〉+ 〈T x

1 〉−〈T x
2 〉
]
+

1
H1

∂

∂y
〈H 〉. (A7)
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TABLE 1. Table showing various parameters used for two-layer quasi-geostrophic model.

Parameter Description value

µ Bottom drag 3.47×10−7 s−1

rd Deformation radius 15 km

H1 Upper layer thickness 2/3 km

H2 Lower layer thickness 3 1/3 km

κ Potential vorticity diffusivity 15 m2 s −1

f0 Coriolis frequency −1×10−4 s−1

β Meridional derivative of Coriolis frequency 1×10−11 m−1 s−1

dx Grid size 15.625 km

ρ0 Reference density 1000 kg m−3
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FIG. 1. A schematic describing eddy saturation in the Antarctic Circumpolar Current. When a current is

saturated, a change in wind leads to no change in the isopycnal slopes or thermal wind transport.
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FIG. 2. A three-dimensional figure showing the model domain. The color on the surface is a snapshot of the

upper-layer potential vorticity for the case with a wind stress maximum τ0 = 0.2 N m−2and residual overturning

H0 = −2 Sv. The blue surface represents the instantaneous interface height. The wind forcing is shown above

the surface.
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FIG. 3. A figure showing the streamfunctions for the cases where residual overturning H0 = −2 Sv for (a,b)

weak winds of τ0 = 0.0125 N m−2 and (c,d) relatively strong winds of τ0 = 0.2 N m−2. Panels (a,c) show the

time averaged upper-layer transport, ψ1, panels (b,d) show the time averaged lower-layer transport, ψ2. The

black lines indicate where the topography exceeds 100 m.
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FIG. 4. Thermal wind transport versus wind stress for four different overturnings with (solid) and without

(dashed) a 1000 m tall ridge. At strong wind stresses there is saturation, but as the wind forcing weakens to

moderate, present day, levels, the slopes change with the wind, in different directions depending on the sign of

the overturning in order to approach the transport for a flat bottom. When the wind stress is very small and the

overturning positive, the flow is westward and will not be discussed further.
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FIG. 5. Panel (a) shows eddy heat fluxes normalized by the total heat fluxes along the channel for H0 =−2 Sv.

Most of the heat fluxes occur in or just downstream of the meander. Panel (b) shows the cumulative normalized

eddy heat flux along x, indicating that when the wind is strong, most of the heat fluxes occur in the meander, but

with weaker winds, the heat fluxes throughout the whole domain are just as important. The black dashed line

shows the heat fluxes for a flat-bottomed experiment.
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FIG. 6. Form drag along the channel for H0 =−2 Sv. As the wind forcing decreases, the form drag becomes

both weaker and more symmetric, but doesn’t disappear altogether, leading to smaller net heat fluxes in the

meander (Fig. 5).
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FIG. 7. Thermal wind transport versus residual overturning forced along interface for entire H0 < 0 range.

The linear scaling developed is plotted against the simulated results that works well until the flow becomes

eddying. The dashed line shows where the flow reaches its critical shear for instability following the Phillips

problem. The thermal wind transport scales directly with the residual overturning and provides the no-wind limit

to the thermal wind transport.
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FIG. 8. A figure showing the thermal wind transport versus the wind stress and total eddy overturning. The

black lines correspond to a constant residual overturning. We see that for a given wind forcing, a stronger eddy

overturning corresponds to a stronger thermal wind transport and for a given eddy overturning, a stronger wind

forcing corresponds to a weaker thermal wind transport. However, as we increase the wind forcing along a line

of constant overturning, the decreasing effect of the wind forcing overpowers the increasing effect of the eddy

overturning, leading to smaller thermal wind transports as we increase the wind forcing for a negative residual

overturning.
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FIG. 9. A concluding schematic. When there is a weak wind forcing, the strength of the thermal wind transport

is dependent on the sign of the overturning, the meander is symmetric about the ridge, and the eddy activity is

spread throughout the domain. When the wind forcing is strong the eddy activity is localized to the meander

region, the meander is asymmetric, and the thermal wind transport no longer depends on the overturning.
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